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A PERFECT STRATIFICATION OF Mg FOR g ≤ 5
CLAUDIO FONTANARI AND EDUARD LOOIJENGA
Abstract. We find for g ≤ 5 a stratification of depth g − 2 of the
moduli space of curves Mg with the property that its strata are affine
and the classes of their closures provide a Q-basis for the Chow ring
of Mg. The first property confirms a conjecture of one of us. The
way we establish the second property yields new (and simpler) proofs
of theorems of Faber and Izadi which, taken together, amount to the
statement that in this range the Chow ring is generated by the λ-class.
Introduction
The starting point of the present note is a beautiful topological result by
Harer, who in [12] via a deep application of the theory of Strebel differen-
tials showed that the (coarse) moduli space of smooth algebraic curves of
genus g ≥ 2, Mg(C), has the homotopy type of a complex of dimension
4g − 5. A decade ago, the second author asked with Hain ([11], Problem
6.5) whether there is a Lefschetz type of proof of this fact. That would for
instance be accomplished by finding a stratification of Mg with all strata
affine subvarieties of codimension ≤ g − 1. One reason to make this de-
sirable is that the relatively easy inductive algebraic approach developed
by Arbarello-Cornalba in [4] to the rational cohomology of the Deligne–
Mumford compactification Mg(C) of Mg(C) has Harer’s theorem as the
only nontrivial input from geometric topology. But as explained in [19], the
existence of such a stratification has many other interesting cohomological
consequences as well.
The classical candidate for an affine stratification of Mg was the flag
of subvarieties defined by Arbarello in terms of Weierstrass points in [2]
and [3]. Its smallest stratum is the hyperelliptic locus and hence affine
and Theorem 1 of [9] shows that the same is true for the open stratum.
But the intermediate strata not always seem to be affine (although they
are easily seen to be quasi-affine). Here we attempt to obtain an affine
stratification by looking at properties of the linear system of quadrics passing
through the canonical image of a smooth projective genus g curve. This also
singles out the hyperelliptic locus as the smallest stratum, for if the curve is
nonhyperelliptic, then this linear system is of dimension
(
g−2
2
)
, whereas in
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the hyperelliptic case its dimension is higher. But otherwise our approach
yields strata that in general differ from those of Arbarello. For instance,
the complement of our codimension 2 stratum is for g = 4 resp. g = 5 the
locus of curves whose canonical model lies on a smooth quadric resp. is an
intersection of quadrics (or equivalently, that are not trigonal). Although we
do not offer a uniform receipe, we succeed in obtaining an affine stratification
of Mg of depth g − 2 for g ≤ 5 (we give in fact two such for g = 5), thus
answering Problem 6.5 in [11] affirmatively in this range.
The stratifications that we construct have one other nice property that,
we feel, justifies calling them perfect, namely that the strata have trivial
Chow ring and that their closures yield a Q-basis for A•(Mg). In order to
be precise, let us recall the structure of A•(Mg) in this range. If f : C → S is
a smooth projective family of curves of genus g ≥ 2, then its i-th tautological
class κi = κi(C/S) is f∗(c1(ωC/S)
i+1) ∈ Ai(S) (here A•(S) stands for the
Chow ring of S with rational coefficients). According to Mumford [15], the
subalgebra of A•(S) generated by these classes (denoted byR•(C/S) or more
often simply by R•(S)) contains the ith Chern class λi = λi(C/S) of the
Hodge bundle f∗ωC/S with λ1 being a non-zero multiple of κ1. A theorem
of one of us [14] implies that λg−11 = 0 always. On the other hand, Faber [8]
proved that for the universal family over the moduli stack Mg, λ
g−2
1 6= 0,
so that we have an injection
Q[λ1]/(λ
g−1
1 )→R
•(Mg) ⊂ A
•(Mg).
The composite map Q[λ1]/(λ
g−1
1 ) → A
•(Mg) is for g ≤ 5 also onto; this is
due to Faber [7] for g = 3, 4 and to Izadi [13] for g = 5. We find in every
codimension k ≤ g − 2 a single stratum and so the closure of that stratum
must represent a non-zero multiple of λk1 . We prove this property indepen-
dent of the two works just cited and thus obtain a new (and considerably
simpler) proof that A•(Mg) = Q[λ1]/(λ
g−1
1 ) in this range.
In the first section we collect or prove some general results pertaining to
Mg. As is well-known, a canonical curve possessing an effective even theta
characteristic is contained in a rank 3 quadric. This is a codimension one
phenomenon and so this suggests to take as our open stratum the locus of
curves having no such theta characteristic. We indeed establish that for
g ≥ 3 this open subset is affine and can be used as the open stratum for
g ≤ 5. The cases g = 3, 4, 5 each have their own section. (The case g = 2 is
trivial: M2 is affine and has trivial Chow ring.)
We work here over a fixed algebraically closed field k. We take it to
be of characteristic zero since some of the results we invoke are (still) only
available in that characteristic (the computations themselves only seem to
exclude characteristic 2 and 3).
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Notation. If C is a connected nonsingular projective curve, we write VC
for H0(ωC)
∗ and denote by f : C → PVC the canonical map. We recall that
when C is hyperelliptic of genus ≥ 2, f(C) is a smooth rational curve of
degree g − 1 in the (g − 1)-dimensional PVC and identifies the orbits of the
hyperelliptic involution. Otherwise f is an embedding with image a curve
of degree 2g − 2 and we then identify C with f(C).
We also follow the custom to write λ for λ1.
We shall need the following basic result of geometric invariant theory
(which is essentially due to Hilbert).
Lemma 0.1. Let U be an affine variety on which a reductive group G oper-
ates. If every G-orbit is closed (a condition that is obviously fulfilled if these
orbits are fibers of a morphism of varieties with domain U), then the orbit
space G\U is in a natural manner an affine variety. If in addition G acts
with finite stabilizers, then dim(G\U) = dimU − dimG.
Proof. It is a classical theorem that, G being reductive, k[U ]G is noetherian
and separates the closed orbits. So the assumption that every orbit is closed
implies that a closed point of Spec(k[U ]G) corresponds to a G-orbit in U and
vice versa. If G also acts with finite stabilizers, then the fibers of U → G\U
will have the same dimension as G and the last assertion easily follows. 
As a modest application of this lemma we recover the well-known fact
that the hyperelliptic locus Hg ⊂ Mg is affine: we may identify Hg with
S2g+2\M0,2g+2 and M0,2g+2 can be identified with an open affine subset of
affine (2g + 1)-space. It is also well-known that Hg is an irreducible and
closed suborbifold of Mg of codimension g − 2 and has trivial Chow ring.
In particular, M2 = H2 has these properties.
1. Some genus independent results
The Thetanull divisor. For g ≥ 3, the locus in Mg parametrizing curves
with an effective even theta characteristic is an irreducible hypersurface in
Mg that we shall refer to as the Thetanull divisor and denote by M
′
g.
Proposition 1.1. The Thetanull divisor M′g is irreducible and its comple-
ment in Mg is affine for every g ≥ 4.
Proof. The irreducibility is due to Teixidor i Bigas [18], Proposition (2.4).
For the other property we argue as for the proof of [9], Theorem 1. Indeed,
if we recall that the rational Picard group of Mg is generated by the Hodge
class λ and the classes δi of the irreducible components ∆i (i = 0, . . . , [
1
2
g])
of the boundary divisor ∂Mg, then according to Teixidor i Bigas (op. cit.,
Proposition (3.1)), the class of the closure M
′
g of the Thetanull divisor in
Mg is aλ −
∑
i biδi with a > 11 and bi > 1 for every i. As a consequence,
the divisor
D :=M
′
g +
∑
i
(bi − 1)∆i
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is effective of class aλ − δ and has support M
′
g ∪ ∂Mg. Since a > 11,
we deduce from the Cornalba–Harris criterion ([6], Theorem 1.3) that D
is ample on Mg. Hence the complement of its support (which is also the
complement of M′g in Mg) is affine. 
We shall find that this proposition also holds for g = 3 (as is well-known,
M′3 = H3).
Half-canonical pencils and quadrics. We need the following lemma.
Lemma 1.2. Let C be a nonsingular projective curve of genus g ≥ 3. Any
effective even theta characteristic determines a rank 3 quadric in PV that
contains f(C). Conversely, a rank 3 quadric Q ⊂ PV whose smooth part
contains f(C) defines a half-canonical pencil on C.
Proof. Let L, φ : L2 ∼= ωC be an effective even theta characteristic. If
α, β ∈ H0(C,L) are linearly independent, then u := φ(α2), v := φ(β2) and
w := φ(αβ) are elements of V ∗C that satisfy uv = w
2. The quadric defined
by this equation evidently contains f(C).
Now let Q ⊂ PVC be a rank 3 quadric that contains f(C). So its singular
set Qsg is a codimension 3 linear subspace of PVC . The dual variety Qˇ of Q
is a conic in the projective plane in PV ∗C dual to Qsg. Any p ∈ Qˇ defines a
hyperplane in PVC that meets Q in a codimension 2 linear subspace in PVC
which contains Qsg. Such a hyperplane cuts out on C a 2-divisible divisor,
i.e., one of the form 2Dp. It is clear that Dp half-canonical and moves in a
pencil. 
The trigonal locus. We denote by Tg ⊂Mg the locus which parameterizes
the genus g curves admitting a g13 . It is well-known (and easy to prove) that
Tg =Mg for g = 2, 3, 4. The following assertion is also well-known, but we
give a proof for completeness.
Proposition 1.3. For g ≥ 5, the trigonal locus Tg ⊂ Mg is a closed irre-
ducible subvariety of Mg of codimension g− 4. It contains the hyperelliptic
locus Hg (which is a subvariety of codimension g − 2).
Proof. Denote by T˜g the moduli space of pairs (C,P ), where C is a nonsin-
gular projective genus curve of genus g and P is a g31 on C. We first show
that the forgetful map T˜g → Mg is proper. If Cg → Mg is the universal
genus g curve and Pic3(Cg/Mg) the degree 3 component of its Picard vari-
ety, then we have an obvious morphism T˜g → Pic
3(Cg/Mg). The fiber over
a point [(C, ℓ)] of Pic3(Cg/Mg) is the Grassmannian of 2-planes in H
0(C, ℓ).
From this it is easily seen that T˜g → Pic
3(Cg/Mg) is proper. Hence so is
T˜g →Mg.
The preimage of the hyperelliptic locus Hg in T˜g can be identified with
the universal hyperelliptic curve CHg : if (C,P ) represents a point of T˜g and
P has a fixed point, then C is hyperelliptic and the moving part of P is
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the hyperelliptic pencil. Conversely, a hyperelliptic curve and a point on it
determine a point of T˜g and so T˜g contains the universal hyperelliptic curve.
We next show that a smooth projective curve C of genus g ≥ 5 cannot
have two distinct g31 ’s. Suppose it did so that we have a morphism φ : C →
P1 → P1 of bidegree (3, 3). Since a reduced curve in P1 × P1 of bidegree
(a, b) has for positive a, b (by the adjunction formula) arithmetic genus resp.
(a − 1)(b − 1), φ cannot be of degree one onto its image. It is then easy
to see that both pencils have a common fixed point. But then they are
hyperelliptic and coincide. This contradicts our assumption.
So T˜g \ CHg maps bijectivily onto Tg \ Hg. A standard deformation argu-
ment shows that this is e´tale, hence it is an isomorphism.
Any element of Tg \ Hg is represented by a triple cover C → P
1 that is
unique up to an automorphism of P1. The discriminant of this cover has
degree 2g + 4. From this we see that Tg has dimension 2g + 4− 3 = 2g + 1.
According to Fulton [10], the moduli space of smooth connected triple
coverings P1 of genus g is irreducible and so Tg is irreducible as well. 
2. The case g = 3
In the theorem below the second part is due to Faber [7]. The proof given
here is not only simpler, but also has the virtue of yielding the first part
(which is probably known).
Theorem 2.1. An affine stratification of M3 of depth 1 is given by its
hyperelliptic locus (which is also its Thetanull divisor): M3 \H3 and H3 are
affine and irreducible. Moreover the strata M3 \H3 and H3 have the Chow
ring of a point and so A•(M3) is Q-spanned by the classes of M3 and H3.
Proof. We know that H3 is affine and that A
•(H3) is spanned by [H3]. So
we must prove thatM3\H is affine and A
•(M3\H) is spanned by [M3−H].
Let C be a nonhyperelliptic genus 3 curve and let p1, p2 ∈ C be in the
support of two different odd theta characteristics of C. We shall use these
theta characteristics to find normal coordinates in PVC . If we think of C as
canonically embedded as a quartic curve in the projective plane PVC , then
the projective tangent line li ⊂ PVC to C at pi is a bitangent of C and
l1 6= l2. Denote the point of intersection of these bitangents by o and by
l∞ the line through p1 and p2. It is clear that o /∈ C. For i = 1, 2, the
line li meets C in pi and a point qi (that may equal pi) and l∞ meets C in
p1, p2 and two other points, r1, r2, say (which may coincide but differ from
p1 and p2). Choose coordinates [Z0 : Z1 : Z2] such that o = [1 : 0 : 0],
p1 = [0 : 1 : 0], p2 = [0 : 0 : 1] and {r1, r2} = {[0 : 1 : k], [0 : k : 1]} for
some k 6= 0. In terms of the affine coordinates (z1, z2) = (Z1/Z0, Z2/Z0), an
equation f for C has the form
f(z1, z2) = 1− 2a1z1 − 2a2z2 + a
2
1z
2
1 + a
2
2z
2
2 + bz1z2+
+ (c1z1 + c2z2)z1z2 + d(z
2
1 + z
2
2)z1z2 + ez
2
1z
2
2 ,
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where q1 = [a1 : 0 : 1] and q2 = [a2 : 1 : 0] and [1 : k] and [k : 1] are solutions
of d(z21 + z
2
2) + ez1z2 = 0. Hence C is given by (a1, a2, b, c1, c2, d, e) ∈ A
7.
The affine coordinate system (z1, z2) is unique up to the action of {±1}×Gm
defined by (ε, t)·(z1, z2) = (t
−1z1, εt
−1z2) (the {±1}-action is needed because
we did not order the pair r1, r2). The corresponding action on A
7 is given
by
(ε, t) · (a1, a2, b, c1, c2, d, e) = (t
2a1, t
2a2, , εt
2b, εt3c1, t
3c2, εt
4d, t4e).
We use the discriminant to eliminate the Gm-action: For a polynomial F
homogeneous of degree 4 in Z0, Z1, Z2 we have defined its discriminant
∆(F ) ∈ k (of degree 23 · 28). It is non-zero if and only if F defines a
nonsingular quartic and it is a semi-invariant for the action of GL(3). So
its restriction to A7, δ ∈ k[a1, . . . , e], will be a semi-invariant for the group
{±1} × Gm. Denote by P the weighted projective space Gm\(A
7 \ {0})
and by H ⊂ P the hypersurface defined by δ = 0. Since the morphism
P \H →M3 \H3 is finite, Lemma 2.2 below implies that M3 \ H3 is affine
and A•(M3 \ H3) = Q. 
Lemma 2.2. Let P be a weighted projective space (i.e., the proj of a graded
polynomial algebra whose generators have positive weights) and let H ⊂ P be
a hypersurface. Then P \H (and hence any variety admitting a finite cover
isomorphic to P \H) is affine and has the Chow ring of a point.
Proof. If P = Proj k[z0, . . . , zn] with zi having weight di > 0, then the
substitution zi = w
di
i defines a finite morphism P
n → P. So without loss
of generality we may assume that P = Pn. Clearly, Pn \H is affine. Since
A•(Pn) is generated by the hyperplane class, it is also generated by [H]
(which is a multiple of that class). It follows that A•(Pn \H) = Q. 
Since we have an injective homomorphism Q[λ]/(λ)2 → A•(M3), we find:
Corollary 2.3. The map Q[λ]/(λ)2 → A•(M3) is an isomorphism and the
class [H3] ∈ A
1(M3) is non-zero and a multiple of λ.
3. The case g = 4
According Lemma 1.2 a smooth projective curve of genus 4 possesses
a half-canonical pencil if and only its the canonical model of C lies on a
singular conic. The corresponding locus M′4 in M4 is the Thetanull divisor
which by Proposition 1.3 contains the hyperelliptic locus H4.
Theorem 3.1. A stratification of M4 of depth 2 is given by the Thetanull
divisor and the hyperelliptic locus: M4 ⊃ M
′
4 ⊃ H4. This is a filtration by
subvarieties whose successive differences are affine and have the Chow ring
of a point (so that A•(M4) is spanned by the classes of M4,M
′
4,H4).
Since we already know that H4 is irreducible, affine and has the Chow
ring of a point, the theorem follows from the two statements below.
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Proof that M4 \M
′
4 is affine and has the Chow ring of a point. Let be gi-
ven a projective curve C of genus 4 that represents a point ofM4 \M
′
4, i.e.,
has no effective even theta characteristics. Then C is in PVC the complete
intersection of a nonsigular quadric surface Q and a cubic surface. We recall
that such a quadric has two rulings (it is isomorphic to P1 × P1). We shift
our attention to Q and regard C as a divisor on Q.
We choose three items attached to C: an ordering of the two rulings of
Q, an effective degree 3 divisor D on C that is an odd theta characteristic
and a point p in the support of D. Then D determines a plane section
k ⊂ Q with the property that within Q, k meets C in 2D. Let m be the
line in the second ruling of Q through p. This line and C meet inside Q
at p simply and hence they meet in two other (possibly coinciding) points
6= p as well. Denote by l the line in the first ruling through the barycenter
in m \ {0} of these two points. Now choose an affine coordinate system
(x, y) for Q such that the lines k, l,m are defined by resp. x = y, y = 0,
x = ∞. This coordinate system is unique up to the Gm-action defined by
t · (x, y) = (t−1x, t−1y). If
f(x, y) =
3∑
i,j=0
aijx
iyj
is an equation for C, then t ∈ Gm acts on aij as multiplication by t
i+j. The
conditions imposed imply that f(x, 0) is of the form x(u + vx2), in other
words, a0,0 = a2,0 = 0, and that f(x, x) is of the form x
2(a+ bx2)2, in other
words,
∑
i+j=k ai+j equals 0 for k = 1, 3, 5, and a
2, 2ab, b2 for k = 2, 4, 6.
We may therefore parameterize such equations by affine 10-space:
(
(aij)i=1,2;j=1,2,3, a1,0, a3,0, a, b
)
∈ A10
But beware: (a2, 2ab, b2) is read off from the equation, not (a, b), and so
(a, b) is defined up to a common sign. We give a resp. b weight 1 resp. 3 so
that Gm now acts on A
10 with positive weights. ¿From here on we proceed as
in the case g = 3: the Gm-action on A
10 defines a weighted projective space
P of dimension 9, the discriminant δ ∈ k[A10] determines a hypersurface
H ⊂ P. The morphism P \ H → M4 \ M
′
4 is finite. It then follows from
Lemma 2.2 that M4 \M
′
4 is affine and has trivial Chow ring. 
Proof that M′4 \ H4 is affine and has the Chow ring of a point. Let be given
a projective curve C that represents an element ofM′4\H4. Then the canon-
ical model of C is complete intersection of a quadric cone Q and a cubic
surface. Denote the vertex of Q by o. Since C is smooth, o /∈ C. We attach
to C both an effective degree 3 divisor D that is an odd theta characteristic
and a point p in the support of D. Since 2D is canonical, it is the section of
a plane H ⊂ PVC . This plane will not pass through o: otherwise H would
be tangent to Q, hence D would lie in the half-canonical pencil defining Q,
and this would contradict our assumption that D is odd. Since the line l
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through o and p is not contained in H, l and C, viewed as curves on Q, meet
simply in p. In particular, l − {o, p} meets C in two points p1, p2 (which
may coincide). We put Q∞ := Q ∩H.
Now C is defined by a regular function f on Q \Q∞ which has a pole of
order three along Q∞. We normalize f by requiring that f(o) = 1. Regard
PVC\H as a vector space with origin o so that we can write f = f3+f2+f1+1
with fi homogeneous of degree i. The quadratic part f2 defines an effective
degree 4 divisor E on Q∞. It follows from the preceding that the restriction
of f to l \ {p} must be of exact degree two (defining the divisor (p1) + (p2))
and so p is not in the support of E. Regard E as a divisor on Q∞ \ {p}
(which is isomorphic to an affine line) and denote by m the line through the
barycenter of E in Q∞ \ {p} and o. We now have coordinate hyperplanes in
PVC \H spanned by l and m and the two tangent planes of Q containing l
and m.
It is then easy to see that there exist coordinates (x, y, z) in PVC \H such
that l is the y-axis,m is the x-axis, Q is given by xy = z2 and y(p1)y(p2) = 1.
This system of coordinates is unique up to the action of the group {±1}×Gm
given by (ǫ, t)·(x, y, z) = (t−2x, ǫy, t−1z). Since Q∞·C = 2D, f3 can be given
the form x(ax+by+cz)2, where ax+by+cz = 0 defines in H the line that is
spanned by the degree 2 divisor D− (p) (so the factor ax+ by+ cz is unique
up to sign). We represent f2 as a polynomial without the monomial z
2. The
condition imposed on f2 means that f2(1, t
2, t) is a quartic polynomial with
vanishing t3-coefficient. This means that f2 has vanishing yz-coefficient.
The fact that f(0, y, 0) is quadratic with constant term 1 and the product
of its roots equal to 1 implies that the coefficient of y2 is 1. So we have now
written
f(x, y, z) = 1+(a2x+b2y+c2z)+(a1x
2+b1xy+y
2+c1xz)+x(ax+by+cz)
2.
These equations are parameterized by (a, b, c, a1, b1, c1, a2, b2, c2) ∈ A
9, where
we should bear in mind that (−a,−b,−c; a1, b1, c1, a2, b2, c2) yields the same
equation. The {±1} ×Gm-action lifts to
(ǫ, t) · (a, b, c; a1, b1, c1, a2, b2, c2) =
= (t3a, ǫtb, t2c; t4a1, ǫt
2b1, t
3c1, t
2a2, ǫb2, tc2).
We proceed as before: the Gm-action on A
9 defines a weighted projective
space P of dimension 8 and the discriminant δ ∈ k[A9] determines a hyper-
surface H ⊂ P so that we have a finite morphism P \ H → M′4 \ H4. It
remains to apply Lemma 2.2. 
Combining this with the injectivity of Q[λ]/(λ)3 → A•(M4) this yields:
Corollary 3.2. The map Q[λ]/(λ)3 → A•(M4) is an isomorphism and
the classes [M′4] resp. [H4] ∈ A
1(M4) are non-zero multiples of λ and λ
2
respectively.
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In fact, according to [18], Proposition (3.1), [M′4] ∈ A
1(M4) = 34λ. On
the other hand, we have by [15], §7, [H4] = 3κ2 − 15λ
2, and from the two
formulas for the Q-class of the hyperelliptic locus given in [16], Example 5.7
(a), we deduce the relation 2κ2 = 27λ
2 in the case g = 4.
4. The case g = 5
Let C be a smooth projective curve C of genus 5. If C is nonhyperelliptic,
then the quadrics passing through its canonical model form a net and either
that net defines C (so that C is a complete intersection of three quadrics)
or a rational scroll (for this and what follows, see [17]).
In the last case, the scroll is a Hirzebruch surface of type F1 (= a projective
plane blown up in a point) embedded by the linear system |e + 2f |, where
e ∈ Pic(F1) is the class of the exceptional curve E ⊂ F1 and f ∈ Pic(F1) the
class of the ruling, and we have C ∈ |3e + 5f |. So C is trigonal: C · f = 3
and the ruling of the scroll yields a g13 on C. It also follows that C ·E = 2.
So upon contracting E in F1 we get a projective plane curve in which the
image of C becomes a quintic with either an ordinary double point or a
cusp (according to whether C meets E in two points or one). The converse
is also true: a quintic plane curve C ′ with a singular point of arithmetic
genus one defines a genus 5 curve with a g13 defined by the pencil of lines
through that point. In the cusp case, our g13 on C is the moving part of a
half-canonical pencil that has the unique point of intersection of C and E
as its fixed point. (According to Accola [1], any half-canonical pencil on a
trigonal curve is necessarily of this form and so C has no such pencils if C ′
has an ordinary double point.)
Recall from Proposition 1.3 that the trigonal locus T5 ⊂ M5 contains
the hyperelliptic locus. Since a hyperelliptic curve possesses half-canonical
pencils, we have in fact H5 ⊂ T5 ∩M
′
5. The main result of this section is:
Theorem 4.1. An affine stratification of M5 of depth 3 consists of the
Thetanull divisor, the intersection of the trigonal locus with the Thetanull
divisor and the hyperelliptic locus; another one is obtained by replacing the
Thetanull divisor by the trigonal locus. So if we put T ′5 := T5 ∩M
′
5, then
these are given by the following filtrations by closed irreducible subvarieties:
M5 ⊃M
′
5 ⊃ T
′
5 ⊃ H5 resp. M5 ⊃ T5 ⊃ T
′
5 ⊃ H5.
Moreover, the successive differences M5 \T5, T5 \T
′
5 and T
′
5 \H5 have trivial
Chow ring.
We know that H5 is a closed irreducible subvariety of M5 that is also
affine. Following Proposition 1.1, M′5 is an irreducible hypersurface in M5
whose complement is affine. We discuss the remaining strata separately.
The proof that the Chow ring of M5 \ T5 is tautological, requires a few
general remarks about Chern classes attached to families of curves. Recall
that if C is a nonhyperelliptic projective smooth curve, then the natural
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map Sym2H0(C,ωC) → H
0(C,ω2C) is surjective and its kernel defines the
linear system of quadrics through C in PVC .
Lemma 4.2. Let f : C → S be a smooth projective family of nonhyperelliptic
curves. Then we have a corresponding surjection of vector bundles
Sym2 f∗ωC/S → f∗ω
2
C/S
whose kernel has the property that its Chern classes (taken in the Chow ring
of S) are in the subalgebra generated by the tautological classes κi(C/S).
Proof. The i-th Chern class λi of the Hodge bundle f∗ωC/S is according to
Mumford a universal expression in the κ-classes. Since the Chern classes of
a symmetric power of a vector bundle are universally expressed in terms of
those of the vector bundle, the same is true for Sym2 f∗ωC/S . It therefore
remains to show the corresponding property for f∗ω
2
C/S.
The proof of this is a minor variation of Mumford’s. Since the higher
direct images of ω2
C/S vanish, the total Chern class of the bundle f∗ω
2
C/S can
be computed by means of Grothendieck-Riemann-Roch: it tells us that this
Chern class is the direct image on S of the product of the relative Todd class
of f and the Chern character of ω2
C/S . The Todd class is a polynomial in
c1(ωC/S) and so is the Chern character of ω
2
C/S (for it equals exp(2c1ωC/S)).
The desired property then follows. 
Proof that M5 \ T5 is affine and has trivial Chow ring. Let V be a fixed vec-
tor space of dimension 5 and denote by Sym2 V ∗ the 15-dimensional space
of quadratic forms on V . A net of quadrics in PV is given by a 3-plane
in Sym2 V ∗. By the purity of the discriminant, the nets that fail to define
a smooth complete intersection make up a hypersurface H in the Grassman-
nianG3(Sym
2 V ∗) of 3-planes in Sym2 V ∗. The Picard group ofG3(Sym
2 V ∗)
is generated by an ample class and so the complement U := G3(Sym
2 V ∗)\H
is affine and A1(U) = 0. Since U parametrizes canonically embedded genus
5 curves, we have a morphism U → M5 whose fibers are SL(V )-orbits. It
then follows from Lemma 0.1 that SL(V )\U is affine. The image of U in
M5 is clearly M5 \ T5. So M5 \ T5 is affine.
Next we prove the tautological nature of the Chow ring. Notice that U
carries a family of genus 5 curves to which Lemma 4.2 applies. So A•(U) is
generated by the tautological classes of this family. In other words, the map
U → SL(V )\U ∼=M5 \ T5 induces a surjection of R
•(M5 \ T5)→ A
•(U).
Since the group SL(V ) acts on U with finite stabilizers and has M5 \ T5
as orbit space, it follows from a theorem of Vistoli [20] that the kernel of
the algebra homomorphism A•(M5 \ T5) → A
•(U) is the R•(M5 \ T5)-
submodule generated by the ‘Chern classes’ of the almost SL(V )-principal
bundle U → M5 \ T5. These Chern classes are readily identified as the
Chern classes of the Hodge bundle over M5 \ T5 and so the latter’s Chow
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ring is tautological as asserted. Since the first Chern class of a SL(V )-
bundle is trivial, it also follows that A1(M5 \ T5) = 0, in particular λ = 0
in A•(M5 \ T5).
Now in order to conclude we may argue as in [13], proof of Corollary 3.3
on p. 293: by [15] p. 309 and [7] p. 447, R•(M5 \ T5) is generated by
κ2. On the other hand, from formula (7.7) in [15] by keeping into account
the vanishing of λ it follows that the class of the locus of curves with a
point p with h0(3p) ≥ 2 is 81κ2. Since this locus is contained in T5, its
class vanishes in A•(M5 \ T5), hence our claim follows. (Alternatively, we
can invoke Faber’s verification in [8] that R(M5) is generated by λ. Since
λ|M5 \ T5 = 0, it follows that R
•(M5 \ T5) = Q.) 
Proof that T5 \ T
′
5 and T
′
5 \ H5 are affine and have trivial Chow ring. Let C
′
be a quintic plane curve in a projective plane P whose singular set consists
of a node or a cusp, say at p ∈ P . A generic line ℓ in P through p meets
C ′ in three other points. Then it is easily verified that the barycenter in
ℓ of these three points in the affine line ℓ \ {p} traces, as ℓ varies, a cubic
curve K ⊂ P which has the same 3-jet in p as C ′. If K is a nodal cubic
curve, then it has has 3 flex points, otherwise there is just one. Choose
a flex point and denote by l the the tangent to K \ {p} at its unique flex
point. There exist affine coordinates (x, y) for P \ l such that K is given by
y2+x2+x3 resp. y2+x3 = 0. In the nodal case these this system is unique
up to a sign: (x,−y) works also, in the cuspidal case it is unique up to the
{±1} × Gm-action defined by (ǫ, t) · (x, y) = (t
−2x, ǫt−3y). Let us continue
with the cuspidal case (the nodal case being easier). We then find that C ′
has an equation of the form
x3 + y2 +
∑
i+j=4,5
aijx
iyj.
The coefficient space is an 11-dimensional affine space A11. The group
{±1} × Gm acts on this space componentwise by letting (ǫ, t) send aij to
ǫjt2i+3jaij. The Gm-action defines a weighted projective space P and the
discriminant yields a hypersurfaceH ⊂ P such that we get a finite morphism
P \H → T ′5 \ H5. The assertion then follows from Lemma 2.2. 
Corollary 4.3. The map Q[λ]/(λ4)→ A•(M5) is an isomorphism and for
each of the two filtrations of Theorem 4.1, the classes of its members define
a Q-basis for A•(M5).
Proof. We know that the map Q[λ]/(λ4) → A•(M5) is injective. Since the
filtration M5 ⊃ T5 ⊃ T
′
5 ⊃ H5 consists of varieties with the property that
the restriction of λ to each successive difference is zero and are irreducible
(except the last one), we have that λk is proportional to the class of the kth
member of this filtration. The theorem of Teixidor i Bigas [18] cited earlier
implies that this remains true if we replace T5 by M
′
5. 
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Question 4.4. Since for g ≥ 5, Tg contains Hg as a closed affine subvariety of
codimension 2, we wonder whether for such g there exists an affine stratifi-
cation of Tg of depth 2. The answer may very well be no, but the preceding
theorem shows it is yes when g = 5.
References
[1] R.D.M. Accola: Some loci of Teichmu¨ller space for genus five defined by vanishing
theta nulls, in Contributions to analysis (a collection of papers dedicated to Lipman
Bers), pp.11–18. Academic Press, New York, (1974).
[2] E. Arbarello: Weierstrass points and moduli of curves, Comp. Math. 29 (1974), 325–
342.
[3] E. Arbarello: On subvarieties of the moduli space of curves of genus g defined in
terms of Weierstrass points, Atti Accad. Naz. Lincei Mem. Cl. Sci. Fis. Mat. Natur.
Sez. Ia (8) 15 (1978), no. 1, 3–20.
[4] E. Arbarello and M. Cornalba: Calculating cohomology groups of moduli spaces of
curves via algebraic geometry, Inst. Hautes E´tudes Sci. Publ. Math. 88 (1998), 97–
127.
[5] E. Arbarello, M. Cornalba, P. A. Griffiths, and J. Harris: Geometry of alge-
braic curves. Vol. I, Grundlehren der Mathematischen Wissenschaften 267. Springer-
Verlag, New York, 1985. xvi+386 pp.
[6] M. Cornalba and J. Harris: Divisor classes associated to families of stable varieties,
with applications to the moduli space of curves, Ann. Sc. Ec. Norm. Sup., 4 s., t. 21
(1988), 455–475.
[7] C. Faber: Chow rings of moduli spaces of curves. I, II, Ann. of Math. 132 (1990),
331–419, ibid. 421–449.
[8] C. Faber: A conjectural description of the tautological ring of the moduli space of
curves, in Moduli of Curves and Abelian Varieties (the Dutch Intercity Seminar on
Moduli), C. Faber and E. Looijenga eds., 109–129, Aspects of Mathematics E33,
Vieweg Wiesbaden (1999).
[9] C. Fontanari: Moduli of curves via algebraic geometry, Liaison and related topics
(Turin, 2001). Rend. Sem. Mat. Univ. Politec. Torino 59 (2001), no. 2, 137–139 (2003).
[10] W. Fulton: Hurwitz schemes and irreducibility of moduli of algebraic curves, Ann. of
Math. 90 (1969), 542–575.
[11] R. Hain and E. Looijenga: Mapping class groups and moduli spaces of curves, Proc.
Symp. Pure Math. 62, AMS (1998), 97–142.
[12] J. Harer: The virtual cohomological dimension of the mapping class group of an
orientable surface, Invent. Math. 84 (1986), 157–176.
[13] E. Izadi: The Chow ring of the moduli space of curves of genus 5, The moduli space of
curves (Texel Island, 1994), 267–304, Progr. Math., 129, Birkhau¨ser Boston, Boston,
MA, 1995.
[14] E. Looijenga: On the tautological ring of Mg, Invent. Math. 121 (1995), pp. 411–419.
[15] D. Mumford: Towards an enumerative geometry of the moduli space of curves, Arith-
metic and geometry, Vol. II, 271–328, Progr. Math., 36, Birkha¨user Boston, Boston,
MA, 1983.
[16] Z. Ran: Curvilinear enumerative geometry, Acta Math. 155 (1985), 81–101.
[17] B. Saint-Donat: On Petri’s analysis of the linear system of quadrics through a canon-
ical curve, Math. Ann. 206 (1973), 157–175.
[18] M. Teixidor i Bigas: The divisor of curves with a vanishing theta-null, Comp. Math.
66 (1988), no. 1, 15–22.
[19] R. Vakil and M. Roth: The affine stratification number and the moduli space of curves,
CRM Proceedings and Lecture Notes Universite´ de Montre´al 38 (2004), 213-227.
A PERFECT STRATIFICATION OF Mg FOR g ≤ 5 13
[20] A. Vistoli: Chow groups of quotient varieties, J. Algebra 107 (1987), 410–424.
Dipartimento di Matematica, Politecnico di Torino, Corso Duca degli Abruzzi
24, 10129 Torino (Italia)
E-mail address: claudio.fontanari@polito.it
Mathematisch Instituut, Universiteit Utrecht, P.O. Box 80.010, NL-3508
TA Utrecht (Nederland)
E-mail address: looijeng@math.uu.nl
